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Abstract
We consider some well-posed Dirichlet problems for elliptic equations set on the interior or the exterior of a convex domain
(examples include the torsional rigidity, the first Dirichlet eigenvalue, and the electrostatic capacity), and we add an overdetermined
Neumann condition which involves the Gauss curvature of the boundary. By using concavity inequalities of Brunn–Minkowski type
satisfied by the corresponding variational energies, we prove that the existence of a solution implies the symmetry of the domain.
This provides some new characterizations of spheres, in models going from solid mechanics to electrostatics.
© 2011 Elsevier Masson SAS. All rights reserved.
Résumé
On considère des problèmes de Dirichlet bien posés pour des équations elliptiques dans l’intérieur ou à l’extérieur d’un ensemble
convexe (les exemples incluent la rigidité torsionnelle, la première valeur propre du laplacien, et la capacité electrostatique),
auxquels on ajoute une condition surdeterminée de Neumann qui fait intervenir la courbure gaussienne du bord. En utilisant
des inégalités de concavité de type Brunn–Minkowski satisfaites par les énergies variationnelles correspondantes, on démontre que
l’existence d’une solution entraine la symétrie du domaine. Cela donne de nouvelles caractérisations des sphères, dans des modèles
qui vont de la mécanique des solides à l’électrostatique.
© 2011 Elsevier Masson SAS. All rights reserved.
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1. Introduction
The aim of this paper is to establish a connection between Brunn–Minkowski type inequalities and overdetermined
boundary value problems, more precisely to show how the former can be used in order to prove symmetry results for
the latter.
The overdetermined boundary value problems studied in the literature are obtained most often by adding to a well-
posed elliptic Dirichlet problem an extra-boundary condition of Neumann type. The first fundamental contribution is
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56 I. Fragalà / J. Math. Pures Appl. 97 (2012) 55–65due to Serrin: in [37] he proved that, under the assumptions ∂Ω ∈ C2 and f ∈ C1, the existence of a positive solution
to the overdetermined problem
−u = f (u) in Ω, u = 0 on ∂Ω, |∇u| = constant on ∂Ω
implies that Ω is a ball (and the solution is radially symmetric in that ball). The literature which has followed this
pioneering work is so wide that it is impossible to report it exhaustively. Many alternative proofs have been provided
[6,12,32,40], different from Serrin’s one which was based on the moving planes method by Alexandrov. Further, many
extensions have been given, concerning domains with a less regular boundary [33,39] or with a different geometry
(see [25,31,35,38] for the case of exterior domains or [1,27] for annular domains), as well as differential operators
more general than the Laplacian and possibly degenerated [8,10,13,18,19,21,22,24,26]. Also, the case where the
overdetermined Neumann condition is imposed only on a proper subset of ∂Ω has been studied [20,23].
Much less has been done concerning different types of Neumann conditions, see for instance [2]. A quite natural
question in this respect is whether the geometry of the domain is uniquely determined by imposing some relation
between the normal derivative of the solution and the curvatures of the boundary. This question was addressed by
Serrin himself in the last section of [37], where he extended his symmetry result to the case when |∇u| is a non-
decreasing regular function of the mean curvature. For further attempts to consider Neumann conditions involving the
boundary curvatures, see [27,28].
In this paper we deal with overdetermined Neumann conditions involving the Gaussian curvature. More precisely,
we require that Ω is the interior of a convex body with a smooth boundary, and we consider overdetermined problems
of the type
−u = f (u) in Ω, u = 0 on ∂Ω, |∇u|2 = cGΩ on ∂Ω (1)
being c a positive constant and GΩ the Gauss curvature of ∂Ω .
As well, we can consider similar overdetermined problems when Ω is the exterior of a convex body.
Our main results state that, for different examples of sources f , existence of a solution to (1) implies symmetry of
the domain, exactly as in Serrin’s theorem.
The kind of sources we are allowed to take in (1) does not depend specifically on their growth or smoothness,
but rather on the concavity and differentiability properties of the associated shape functional. Actually, we always
consider situations where the first two equations in (1) admit a unique solution uΩ , so that we can define the shape
functional given by its Dirichlet energy, F(Ω) := ∫
Ω
|∇uΩ |2. Then symmetry within the class of convex bodies can
be inferred as soon as F(·) fits the following two conditions (which will be formulated more rigorously in the next
sections):
(i) a suitable integral representation formula for the first variation under Minkowski addition;
(ii) a Brunn–Minkowski type concavity inequality, with strict inequality for non-homothetic sets.
Indeed, condition (i) allows to identify domains where (1) admits a solution with stationary domains for the
shape functional F under a mean width constraint. In turn, condition (ii) allows to identify stationary domains with
maximizers. Finally, such maximizers are necessarily balls, by a result recently pointed out in [3,9], from which the
idea of this work stems.
Some classical functionals of the Calculus of Variations which fall within this framework are the torsional rigidity,
the first Dirichlet eigenvalue and the electrostatic capacity. Thus we can prove that Ω is a ball if a solution exists to
(1) when:
– Ω is the interior of a convex body and f (u) is a positive constant, see Theorem 4;
– Ω is the interior of a convex body and f (u) = λ1(Ω)u, see Theorem 7;
– Ω is the exterior of a convex body and f (u) = 0 (in this case the Dirichlet condition in (1) must be turned into
u = 1 on ∂Ω and u → 0 as |x| → +∞), see Theorem 10.
We stress that a solution to (1) is meant as a distributional solution to the elliptic equation −u = f (u), which
is C1 up to the boundary and in particular fulfills the two boundary conditions appearing in (1) pointwise on ∂Ω .
However, thanks to the convexity assumption on Ω , even without any smoothness hypothesis on ∂Ω , our symmetry
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Theorems 5, 8 and 11).
The paper is organized as follows. In Section 2, after introducing the class of Brunn–Minkowski functionals of
degree α, we characterize balls as their unique stationary domains under prescribed mean width. The consequent
symmetry results for overdetermined boundary value problems are stated and proved in Section 3.
2. A new characterization of balls
We are going to characterize balls as the unique convex domains which are stationary for certain shape functionals
of quotient type. Let us first specify what we mean by stationary domain, and then introduce the class of shape
functionals on which we shall focus attention.
For n 2, let Kn0 denote the family of compact convex subsets of Rn having a non-empty interior.
For K ∈ Kn0 , we denote by hK its support function, which is defined on the unit sphere Sn−1 by
hK(ν) := sup
x∈K
(x · ν) ∀ν ∈ Sn−1.
For K,L ∈ Kn0 , we denote by K + L the usual Minkowski addition of K and L, which can be formally defined as
the convex body K + L such that hK+L = hK + hL.
By saying that K ∈ Kn0 is stationary for a functional E : Kn0 →R+, we mean that
d
dt
E((1 − t)K + tL)∣∣
t=0+ = 0 ∀L ∈ Kn0 .
We shall consider shape functionals of the following quotient type:
E(K) = F
1/α(K)
M(K)
, (2)
being F a Brunn–Minkowski functional of degree α according to Definition 1 below, and M(K) the mean width of K .
We recall that M(K) is the average of twice the support function on Sn−1:
M(K) := 2
ωn
∫
Sn−1
hK dHn−1,
where ωn := Hn−1(Sn−1); in particular when n = 2 it holds M(K) = π−1H1(∂K) [36, p. 210].
Let us now define the class of Brunn–Minkowski functional of degree α. Many functionals involving Dirichlet
energies fall within such class; a list of examples is postponed to the next section.
Definition 1. We say that F : Kn0 →R+ is a Brunn–Minkowski functionals of degree α if:
(i) F is rigid motion invariant:
F
(
r(K)
)= F(K) ∀K ∈ Kn0, ∀r :Rn →Rn rigid motion;
(ii) F is Hausdorff continuous:
F(Kn) → F(K) whenever Kn → K in Hausdorff distance;
(iii) F is Minkowski differentiable:
∃ d
dt
F
(
(1 − t)K + tL)∣∣
t=0+ ∀K,L ∈ Kn0;
(iv) F is α-homogeneous for some α = 0:
F(tK) = tαF (K) ∀K ∈ Kn0, ∀t ∈R+;
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F 1/α(K + L) F 1/α(K) + F 1/α(L) ∀K,L ∈ Kn0,
with strict inequality for non-homothetic sets.
Remark 2. If F is a Brunn–Minkowski functional of degree α, by (iv) and since the mean width is 1-homogeneous,
the quotient functional E in (2) turns out to be invariant by dilations.
Theorem 3. Let F : Kn0 → R+ be a Brunn–Minkowski functional of degree α. If K ∈ Kn0 is a stationary domain for
the quotient functional
E(K) := F
1/α(K)
M(K)
,
then it is a ball.
Proof. Since F is a Brunn–Minkowski functional of degree α, it is straightforward that the unique maximizers of
the quotient functional E over Kn0 are balls (see [9, Theorem 2.1] or [3, Corollary 2.2 and Remark 6.1]). Indeed, by
Hadwiger’s theorem [36, Theorem 3.3.2], for any K ∈ Kn0 there exists a sequence of Minkowski rotation means of
K which converges to a ball in Hausdorff distance. Since the mean width is Hausdorff continuous and Minkowski
linear, and F satisfies (i), (ii), and (v) in Definition 1, it follows immediately that balls are maximizers of E over Kn0 .
Moreover, they are the unique maximizers. Indeed, assume by contradiction that K∗ is a maximizer of E , different
from a ball, and let B be a ball with M(B) = M(K∗). Since we already know that B is a maximizer for E over Kn0 ,
we have E(K∗) = E(B). Then, by using the strict Brunn–Minkowski inequality for non-homothetic sets, we get
E
(
K∗ + B
2
)
>
1
2
E(K∗)+ 1
2
E(B) = E(K∗),
against the assumption that K∗ is a maximizer.
The remaining of the proof consists then in showing that any stationary domain is necessarily a maximizer for E
over Kn0 . Assume that K is stationary for E , and let L ∈ Kn0 be arbitrarily fixed. For t ∈ [0,1] set
f (t) := F 1/α((1 − t)K + tL), g(t) := M((1 − t)K + tL), Φ(t) := f (t)
g(t)
. (3)
Clearly, by the Minkowski additivity of M(·), the function g is linear. On the other hand, since F satisfies (iii) and (v)
in Definition 1, the function f is differentiable at 0+ and concave on [0,1]. Therefore
Φ(t) f (0) + f
′(0)t
g(0) + g′(0)t ∀t ∈ [0,1] (4)
(here and below, derivatives at 0 are meant as right derivatives). Since by assumption K is stationary for the functional
E , we have Φ ′(0) = 0, which implies
f (0) + f ′(0)t
g(0) + g′(0)t =
f (0)
g(0)
∀t ∈ [0,1]. (5)
Combining (4) and (5), we deduce that
Φ(t)Φ(0) ∀t ∈ [0,1].
By the arbitrariness of L, this implies that K is a maximizer for E over Kn0 . 
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3.1. Torsional rigidity.
Let Ω be an open bounded domain of Rn. The torsional rigidity of Ω is defined as τ(Ω) = ∫
Ω
|∇uΩ |2 dx, being
uΩ the unique solution to the Dirichlet problem{−u = 2 in Ω,
u = 0 on ∂Ω. (6)
(A solution of (6) is meant as a function u ∈ H 10 (Ω) such that
∫
Ω
∇u∇v dx = 2 ∫
Ω
uv dx for all v ∈ C∞0 (Ω).)
In the seminal paper [37], Serrin considered the overdetermined boundary value problem obtained by adding to (6)
a Neumann condition of the type
|∇u| = c on ∂Ω, (7)
where c is a positive constant. He proved that, if ∂Ω ∈ C2 and a solution u ∈ C2(Ω¯) exists to (6)–(7), then Ω must be
a ball [37, Theorem 1].
Below we show that the same conclusion holds true, provided Ω is the relative interior of a convex body, when the
constant Neumann condition (7) is replaced by the following one:
|∇u|2 = cGΩ on ∂Ω, (8)
being c a positive constant and GΩ the Gauss curvature of ∂Ω . More precisely we prove:
Theorem 4. Let Ω = intK for some K ∈ Kn0 , with ∂Ω of class C2, and let c be a positive constant. Assume there
exists a solution u ∈ C1(Ω¯) to the overdetermined boundary value problem⎧⎨
⎩
−u = 2 in Ω,
u = 0 on ∂Ω,
|∇u|2 = cGΩ on ∂Ω.
(9)
Then Ω is a ball, whose radius is uniquely determined by c as R(c) = (n24 c)1/(n+1).
The statement of Theorem 4 admits several physical interpretations, among which we quote the following:
• consider a bar under torsion, with a convex cross section: if the traction occurring at its surface is proportional to
the Gauss curvature, necessarily the bar has a circular cross section;
• consider a viscous incompressible fluid moving in straight parallel streamlines in a pipe which has a convex cross
section: if the stress on the pipe wall is proportional to the Gauss curvature, necessarily the pipe has a circular
cross section.
A suitable reformulation of Theorem 4 remains valid when the smoothness assumption ∂Ω ∈ C2 is dropped. In this
case the overdetermined condition given in (8) as a pointwise identity on ∂Ω needs to be restated in a weak form. This
is possible thanks to the assumption that Ω is the relative interior of some K ∈ Kn0 . Indeed a result by Dahlberg [17]
ensures that, when Ω is convex, one can define the gradient of the unique solution uΩ to (6) on ∂Ω , and such gradient
belongs to L2(∂Ω). So it is meaningful to consider the measure σ := |∇uΩ |2Hn−1 ∂Ω . Further, since Ω is convex,
its Gauss map νΩ is well-defined Hn−1-a.e. on ∂Ω . Thus it makes sense to consider the push-forward of σ through
the Gauss map, namely the measure νΩ∗(σ ) defined on Sn−1 by∫
Sn−1
ϕ dνΩ∗(σ ) =
∫
∂Ω
ϕ ◦ νΩ dσ ∀ϕ ∈ C0
(
S
n−1).
The appropriate reformulation of the overdetermined condition (8) for arbitrary convex domains is:
νΩ∗
(|∇u|2Hn−1 ∂Ω)= cHn−1 Sn−1 as measures on Sn−1. (10)
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to (6). Moreover, (10) reduces to (8) in case Ω is strictly convex with ∂Ω ∈ C2 (cf. the proofs of Theorems 4 and 5
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Theorem 5. Let Ω = intK for some K ∈ Kn0 , and let c be a positive constant. Assume there exists a solution u ∈
H 10 (Ω) with |∇u| ∈ L2(∂Ω) to the overdetermined boundary value problem⎧⎪⎨
⎪⎩
−u = 2 in Ω,
u = 0 on ∂Ω,
νΩ∗
(|∇u|2Hn−1 ∂Ω)= cHn−1 Sn−1 as measures on Sn−1.
(11)
Then the same conclusions of Theorem 4 hold.
The idea of the proof for both Theorems 4 and 5 is to exploit Theorem 3, which applies since the shape functional
F(K) = τ(intK) is a Brunn–Minkowski functional of degree α = n + 2 according to Definition 1, see [5].
Proof of Theorem 4. Throughout the proof it is assumed that Ω = intK . So we set F(K) = τ(Ω), and for simplicity
we write uK in place of uintK (and similarly for νK , GK ). Moreover, we set α = n + 2.
Clearly, assuming that (9) admits a solution u ∈ C1(Ω¯) implies that the unique solution to the Dirichlet problem (6)
is C1 up to the boundary and satisfies the overdetermined condition (8). This fact has two immediate consequences.
First, the domain K must be strictly convex. Indeed, by Hopf’s boundary lemma (see e.g. [34]), |∇uK | cannot
vanish on ∂K , hence the Gauss curvature remains everywhere strictly positive, or equivalently the Gauss map νK is a
diffeomorphism from ∂K to Sn−1.
Second, the value of the constant c is uniquely determined by the values of M(K) and F(K) (precisely, by their
ratio). Indeed, we recall that the mean width and the torsional rigidity admit the following integral representations
(see respectively [36, (4.2.28)–(5.3.15)] and [15, Proposition 18]):
M(K) = 2
ωn
∫
∂K
hK
(
νK(x)
)
GK(x)dHn−1(x), (12)
F(K) = 1|α|
∫
∂K
hK
(
νK(x)
)|∇uK |2(x) dHn−1(x). (13)
(Here and below, the reader might be surprised by seeing the modulus of α, as α is positive: we prefer to write so
because in the next section we shall need to quote these formulae in a different context where α will be negative.)
Multiplying both sides of (8) by hK(νK(x)), integrating over ∂K , and exploiting (12) and (13), one gets
c = 2|α|F(K)
ωnM(K)
. (14)
After these preliminary remarks, we can proceed with the proof. Since F(·) is a Brunn–Minkowski functional of
order α, in order to prove that K is ball, by Theorem 3 it is enough to show that K is stationary for the associated quo-
tient functional E . Let us write down the stationarity condition. Let L ∈ Kn0 be arbitrarily fixed. In [15, Proposition 18]
it is proved that the Minkowski derivative of torsion admits the following integral representation:
d
dt
F (K + tL)∣∣
t=0+ =
α
|α|
∫
∂K
hL
(
νK(x)
)|∇uK |2(x) dHn−1(x). (15)
By the α-homogeneity of F and (13), this yields
d
dt
F
(
(1 − t)K + tL)∣∣
t=0+ =
α
|α|
∫
∂K
(hL − hK)
(
νK(x)
)|∇uK |2(x) dHn−1(x). (16)
Then, if we let f and g be the functions of one real variable defined on the interval [0,1] as in (3), we have
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α
F(K)
1
α
−1 d
dt
F
(
(1 − t)K + tL)∣∣
t=0+
= 1|α|F(K)
1
α
−1
∫
∂K
(hL − hK)
(
νK(x)
)|∇uK |2(x) dHn−1(x)
= 1|α|F(K)
1
α
−1
∫
Sn−1
(hL − hK)(y)|∇uK |2
(
ν−1K (y)
)
G−1K
(
ν−1K (y)
)
dHn−1(y),
where we have applied first the representation formula (16) and then the change of variables formula (2.5.29) in [36]
in order to transform the integral on ∂K into an integral on Sn−1. (Notice that the latter can be applied since we know
that ∂K is C2 and GK is strictly positive.)
On the other side,
g′(0) = M(L) − M(K) = 2
ωn
∫
Sn−1
(hL − hK)(y) dHn−1(y).
We now impose that K is stationary for E , namely f ′(0) = g′(0) f (0)
g(0) . Recalling that the vector space spanned
by the differences of support functions is dense in C0(Sn−1) [36, Lemma 1.7.9], we get the following equality of
measures:
1
|α|F(K)
1
α
−1|∇uK |2
(
ν−1K (y)
)
G−1K
(
ν−1K (y)
)Hn−1 Sn−1 = 2F(K)
1
α
ωnM(K)
Hn−1 Sn−1.
Taking also (14) into account, the above equality is rewritten as
|∇uK |2
(
ν−1K (y)
)
G−1K
(
ν−1K (y)
)Hn−1 Sn−1 = cHn−1 Sn−1. (17)
Since by assumption |∇uK |, ν−1K and GK are all continuous functions, Eq. (17) is equivalent to a pointwise identity
on Sn−1:
|∇uK |2
(
ν−1K (y)
)
G−1K
(
ν−1K (y)
)= c on Sn−1.
In turn, taking into account that νK is a diffeomorphism, the above identity can also be read an identity on ∂K :
|∇uK |2(x)G−1K (x) = c on ∂K.
Hence, if the unique solution to the Dirichlet problem (6) satisfies also the overdetermined condition (8), the convex
body K is stationary for the quotient functional E . By Theorem 3, we conclude that K must be a ball.
Finally, once we know that K is a ball BR , the radius R of such ball is uniquely determined from the value of the
constant c. Indeed, since α = n + 2, τ(BR) = 4ωnn2(n+2)Rn+2, and M(BR) = 2R, Eq. (14) gives
c = 4R
n+1
n2
. 
Proof of Theorem 5. The representation formulae (12), (13) and (15) do not need any smoothness assumption, but
are valid for arbitrary convex domains (see [36] and [15]). Hence the above proof can be repeated unaltered up to the
computation of f ′(0). When computing f ′(0), in place of using the change of variable formula (2.5.29) in [36], one
has simply to apply the definition of push-forward measure to obtain
f ′(0) = 1|α|F(K)
1
α
−1
∫
Sn−1
(hL − hK)(y) dνK∗
(|∇uK |2dHn−1 ∂K)(y).
As a consequence one arrives, in place of (17), to the following equality of measures:
νK∗
(|∇uK |2Hn−1 ∂K)= cHn−1 Sn−1.
Therefore, if the unique solution to the Dirichlet problem (6) satisfies also the overdetermined condition (10),
the convex body K is stationary for the quotient functional E . Then the proof can be concluded as done for
Theorem 4. 
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of Theorems 4 and 5 can be obtained by exploiting the uniqueness of the solution to the Minkowski problem for
the torsional rigidity, proved in [15]. Actually, such problem consists in prescribing the measure at the left hand side
of (10), see [15] for the detailed formulation and related statements. A similar connection with the corresponding
Minkowski problems can be observed also for the principal frequency and the Newtonian capacity, based respectively
on the uniqueness results proved in [14,30] and [29].
3.2. First Dirichlet eigenvalue
The class of elliptic boundary value problems covered by Serrin’s symmetry result is much wider than merely the
torsion one: if Ω is an open bounded domain of class C2 and there exists a positive solution u ∈ C2(Ω¯) to an equation
of the type −u = f (u, |∇u|) in Ω (with f of class C1), obeying both the boundary conditions u = 0 and |∇u| = c on
∂Ω , then Ω must be a ball [37, Theorem 2]. In particular, this statement applies to boundary value problem defining
the first Dirichlet eigenvalue, usually denoted by λ1(Ω).
We recall that λ1(Ω) is the smallest among real numbers λ such that the following Dirichlet problem admits a
non-trivial solution: {−u = λu in Ω,
u = 0 on ∂Ω. (18)
If uΩ is a solution to the above problem for λ = λ1(Ω), normalized so that
∫
Ω
u2Ω dx = 1, then
λ1(Ω) =
∫
Ω
|∇uΩ |2 dx. Moreover, when Ω is convex, ∇uΩ is well-defined on ∂Ω and belongs to L2(∂Ω).
The shape functional F(K) = λ1(intK) is a Brunn–Minkowski functional of degree α = −2 (see [7,14]). Hence,
adding to (18) the overdetermined boundary condition which corresponds to the stationarity condition for F , we obtain
the following symmetry results, valid respectively on smooth and on arbitrary convex domains.
Theorem 7. Let Ω = intK for some K ∈ Kn0 , with ∂Ω of class C2, and let c be a positive constant. Assume there
exists a solution u ∈ C1(Ω¯) to the overdetermined boundary value problem⎧⎨
⎩
−u = λ1(Ω)u in Ω,
u = 0 on ∂Ω,
|∇u|2 = cGΩ on ∂Ω.
(19)
Then Ω is a ball, whose radius is uniquely determined by c as R(c) = ( 2j
2
(n/2)−1,1
ωnc
)1/3, being j(n/2)−1,1 the first zero of
the Bessel function J(n/2)−1.
Theorem 8. Let Ω = intK for some K ∈ Kn0 , and let c be a positive constant. Assume there exists a solution
u ∈ H 10 (Ω) with |∇u| ∈ L2(∂Ω) to the overdetermined boundary value problem⎧⎪⎨
⎪⎩
−u = λ1(Ω)u in Ω,
u = 0 on ∂Ω,
νΩ∗
(|∇u|2Hn−1 ∂Ω)= cHn−1 Sn−1 as measures on Sn−1.
(20)
Then the same conclusions of Theorem 7 hold.
Proof of Theorems 7 and 8. Taking F(K) = λ1(intK), α = −2, and uK the first Laplace eigenfunction of
Ω = intK , the integral representation formulae (13) and (15) are satisfied when K is an arbitrary convex domain,
not necessarily smooth. This has been proved by Jerison, see [30]. Therefore one can proceed exactly as in the proofs
of Theorems 4 and 5. The only required modification is the computation of the radius R as a function of c: since
|α| = 2, M(BR) = 2R, and λ1(BR) = j2(n/2)−1,1R−2, Eq. (14) now gives
c = 2j
2
(n/2)−1,1
ωnR3
. 
I. Fragalà / J. Math. Pures Appl. 97 (2012) 55–65 63Remark 9. (i) In [11], Chatelain and Henrot gave an alternative proof of Serrin’s theorem for the first eigenvalue,
valid in case of convex domains and based on the idea to consider stationary domains for a shape functional under a
volume constraint. This is clearly close in spirit to our approach.
(ii) As proved in [9], the second Dirichlet eigenvalue is not a Brunn–Minkowski functional according to
Definition 1. Thus it is not possible to repeat the same proof above to obtain a similar symmetry result for the second
Dirichlet eigenvalue.
3.3. Electrostatic capacity
At the end of the nineties, Serrin’s symmetry result was extended by Reichel to the case of elliptic boundary
value problems set on exterior domains. In particular, this led to answer positively a conjecture in potential theory
due to Gruber. Recall that, for n  3, the electrostatic capacity of an open bounded domain Ω in Rn is given by
Cap(Ω) = ∫
Rn\Ω |∇uΩ |2 dx, being uΩ the unique solution to
⎧⎪⎪⎨
⎪⎪⎩
u = 0 in Rn \ Ω¯,
u = 1 on ∂Ω,
lim|x|→+∞u(x) = 0.
(21)
In [35, Theorem 1] Reichel proved that, if ∂Ω ∈ C2 and there exists a solution u ∈ C2(Rn \ Ω) to the overdetermined
problem obtained by adding to (21) a constant Neumann condition on ∂Ω , necessarily Ω must be a ball. This means
that Gruber’s conjecture holds true: if a source distribution is constant on the boundary of an open smooth bounded
domain and induces on it a constant single-layer potential, then the domain must be a ball.
In Theorem 10 below, we provide the following alternative electrostatic characterization of spheres:
• if a source distribution on the boundary of an open smooth bounded domain is proportional to its Gauss curvature
and induces on it a constant single-layer potential, then the domain must be a ball.
We point out that, in contrast with Reichel’s proof which required a careful adaptation of the moving planes method,
the proof of Theorem 10 does not offer additional difficulties with respect to those given in the previous sections. Our
method applies unchanged to interior or exterior problems, provided the involved variational functional is a Brunn–
Minkowski functional of degree α according to Definition 1, which in case of capacity is true with α = n− 2, see [4].
Moreover, whereas removing the smoothness assumption on ∂Ω in Reichel’s symmetry result required an addi-
tional work (see [31]), in our case the extension to arbitrary convex domains is straightforward: it relies once more
on the fact that the gradient of the electrostatic potential is in L2(∂Ω), and the representation formulae we need for
capacity and its first derivative remain true, as proved in [29].
A little bit of attention must be paid just when computing the radius of the ball: for n > 3, similarly as in Theorems 4
and 7, such radius is uniquely determined once chosen the value of the constant c; in spite, for n = 3, the existence of
a solution forces the constant c to have a precise value, and for such value the radius remains arbitrary.
Theorem 10. Let Ω = intK for some K ∈ Kn0 , with ∂Ω of class C2, and let c be a positive constant. Assume there
exists a solution u ∈ C1(Rn \ Ω) to the overdetermined boundary value problem
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
u = 0 in Rn \ Ω¯,
u = 1 on ∂Ω,
lim|x|→+∞u(x) = 0,
|∇u|2 = cGΩ on ∂Ω.
(22)
– If n = 3, then necessarily c = 1 and Ω is a ball with arbitrary radius.
– If n > 3, then Ω is a ball, whose radius is uniquely determined by c as R(c) = [ c
(n−2)2 ]
1
n−3
.
64 I. Fragalà / J. Math. Pures Appl. 97 (2012) 55–65Theorem 11. Let Ω = intK for some K ∈ Kn0 , and let c be a positive constant. Assume there exists a solution
u ∈ H 1(Rn \ Ω¯) with |∇u| ∈ L2(∂Ω) to the overdetermined boundary value problem
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
u = 0 in Rn \ Ω¯,
u = 1 on ∂Ω,
lim|x|→+∞u(x) = 0,
νΩ∗
(|∇u|2Hn−1 ∂Ω)= cHn−1 Sn−1 as measures on Sn−1.
(23)
Then the same conclusions of Theorem 10 hold.
Proof of Theorems 10 and 11. Let F(K) = Cap(intK), α = n − 2, and uK the electrostatic potential of K , namely
the unique solution to the boundary value problem (21) when Ω = intK . Then the integral representation formulae
(13) and (15) are valid (see [29]), and one can follow the same proof line of Theorems 4 and 5. In order to determine
the radius of the ball, we exploit as usual Eq. (14). Since |α| = n− 2, M(BR) = 2R, and Cap(BR) = (n− 2)ωnRn−2,
we obtain
c = (n − 2)2Rn−3.
For n = 3, this implies that necessarily c = 1 (and the radius R remains arbitrary); for n > 3, this determines uniquely
the radius as a function of c. 
3.4. Concluding remarks
Besides torsional rigidity, first Dirichlet eigenvalue and electrostatic capacity, many other shape function-
als are known to satisfy a Brunn–Minkowski type inequality, see [14] for a detailed account. Accordingly, our
symmetry results potentially extend, for instance, to boundary value problems with power-type sources, or involv-
ing the p-Laplacian. The ingredient by now missing is the first variation formula under Minkowski addition for the
corresponding functionals. This seems to be a delicate task, which is currently under study, see [16] for some forth-
coming results about the case of p-capacity.
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